ABSTRACT. The ternary Cantor set C, constructed by George Cantor in 1883, is probably the best known example of a perfect nowhere-dense set in the real line, but as we will see later, it is not the only one. The present article we will explore the richness, the peculiarities and the generalities that has C and explore some variants and generalizations of it. For a more systematic treatment the Cantor like sets we refer to our previos paper [7] .
INTRODUCTION: CANTOR TERNARY SET.
The Cantor ternary set C iis probably the best known example of a perfect nowheredense set in the real line. It was constructed by George Cantor in 1883, see [4] .
C is obtained from the closed interval [0, 1] by a sequence of deletions of open intervals known as "middle thirds". We begin with the interval [0, 1], let us call it C 0 , and remove the middle third, leaving us with leaving us with the union of two closed intervals of length 1/3
Now we remove the middle third from each of these intervals, leaving us with the union of four closed intervals of length 1/9
Then we remove the middle third of each of these intervals leaving us with eight intervals of length 1/27, We continue this process inductively, then for each k = 1, 2, 3 · · · we get a set C k which is the union of 2 Finally, we define the Cantor ternary set C as the intersection
Clearly C = ∅, since trivially 0, 1 ∈ C. Moreover C is a a closed set, being the countable intersection of closed sets, and trivially bounded, since it is a subset of [0, 1] . Therefore, by the Heine-Borel theorem C is a compact set. Moreover, observe by the construction that if y is the end point of some closed subinterval of a given C n then it is also the end point of some of the subintervals of C n+1 . Because at each stage, endpoints are never removed, it follows that y ∈ C n for all n. Thus C contains all the end points of all the intervals that make up each of the sets C n (or alternatively, the endpoints to the intervals removed) all of which are rational ternary numbers in [0, 1], i.e. numbers of the form k/3 n . But C contains much more than that; actually it is an uncountable set since it is a perfect set 1 . To prove that simply observe that every point of C is approachable arbitrarily closely by the endpoints of the intervals removed (thus for any x ∈ C and for each n ∈ N there is an endpoint, let us call it y n ∈ C n , such that |x − y n | < 1/3 n ).
There is an alternative characterization of C, the ternary expansion characterization. Consider the ternary representation for x ∈ [0, 1],
Observe that removing the elements where at least one of the ε k is equal to one is the same as removing the middle third in the iterative construction, thus the Cantor ternary set is the set of numbers in [0, 1] that can be written in base 3 without using the digit 1, i.e.
1 A perfect set P is a set that is closed and every point x ∈ P is a limit point i.e there is a sequence {xn} ⊂ P , xn = x and xn → x. 2 Observe, for the ternary rational numbers k/3 n there are two possible ternary expansions, since
Similarly, for the dyadic rational numbers k/2 n there are two possible dyadic expansions as
Thus for the uniqueness of the dyadic and the ternary representations we will take the infinite expansions representations for the dyadic and ternary rational numbers.
Using this characterization of C we can get a direct proof that it is uncountable. Define the mapping f :
It is clear that f is one-to-one correspondence from C to [0, 1] (observe that as ε k = 0, 2 then ε k /2 = 0, 1). also, the uncoantablity of C can be obtained from the fact that C is perfect, see Abbott [1] , page 90.
C is a nowhere-dense set, that is, there are no intervals included in C. One way to prove that is using the Taking two arbitrary points in C we can always find a number between them that requires the digit 1 in its ternary representation, and therefore there are no intervals included in C, thus C is a nowhere dense set. Alternatively, we can prove this simply by contradiction. Assuming that there is a interval
C has measure zero, since
So far we have study the main properties of the Cantor set: C is, non-empty (moreover uncountable) compact, perfect , nowhere dense set, with measure zero. Also we have seen that C can then be obtained by any of the following constructions: i) Proportional (fractral) construction: by removing a fixed proportion (one third) of each subinterval in each of the iterative steps. ii) Power construction: by removing the length 1/3 k from the center of each subinterval in the k th −step. iii) Ternary expansion characterization : by removing the digit one in each position of the ternary expansion.
Of course these three constructions are equivalent. Nevertheless, the first construction, removing a fixed proportion of each subinterval in each of the iterative steps, give us another important property of the Cantor set, its self-similarity (fractal characteristic) across scales, this is illustrated in the following figure:
In order to compute the Hausdorff dimension of C, S. Abbott in his book uses a nice little trick (avoiding the technicalities of the definition of Hausdoff dimension) by dilating C 1 by a the factor 3 (see [1] page 77) obtaining
Thus if we continue the iterations we will get two Cantor-like sets, then it can be concluded that
and therefore the Hausdorff dimension of C is d = ln 2 ln 3 = 0.630930.
The Cantor ternary set C was not the first perfect nowhere-dense set in the real line to be constructed. The first construction was done by the a British mathematician Henry J. S. Smith in 1875, but not many mathematician where awarw of Smith's construction. Vito Volterra, still a graduate student in Italy, also showed how to construct such a set in 1881, but he published his result in an italian journal not widely read.In 1883 Cantor rediscover this construction himself, and due to Cantor's prestige, then the Cantor ternary set was (and still is) the typical example of a perfect nowhere-dense set. Following D. Bresoud [3] we will refer as the Smith-Volterra-Cantor sets or SV C(n) sets to the family of examples of perfect, nowhere-dense sets exemplified by the work of Smith, Voterra and Cantor, by removing in the k-iteration, an open interval of length 1/n k from the center of the remaining closed intervals. Observe that C = SV C(3).
Additionally, the Cantor set can also be obtained using an Iterated Function System (IFS), see [9] . Consider the maps:
where this is a disjoint union. C is the only set in the real line that satisfies this relation. This is a very interesting construction with important applications in the study of C, but we will not consider it in further details in this article.
VARIATIONS OF THE CANTOR TERNARY SET: CANTOR-LIKE SETS.
Is there something special with the number 3? The answer is actually yes and no!. As we have already mentioned C can then be obtained by removing a fixed proportion (one third) of each subinterval in each of the iterative steps, by removing the length 1/3 k from each subinterval in the k th −step, or removing the digit one of the ternary expansion. What happen if we choose n = 2 instead of 3? Using the proportional construction, removing the open "middle half" from each component, we get at the end of the iterative process the set that we will denote as C 1/2 . Here are the first 3 iterative steps, Then, continuing this process inductively , then for each k = 1, 2, · · · we get a set C 
share the same properties as C, i.e. it is a perfect, nowhere dense set in the real line. Also C 1/2 has measure zero, as
In order to compute the Hausdorff dimension of this Cantor-like set, following the same argument as before, if we dilate C 1/2 1 by 4 we obtain
Thus, if we continue the iterations we will get at the end two Cantor-like sets, therefore
so for this Cantor-like set thedust obtained is more sparse than the one generated by C. Also observe that, we can get a expansion characterization of C 1/2 but with base n = 4, . Here are the first three iterations Then, continuing this process inductively , then for each k = 1, 2, · · · we get a set share the same properties as C, i.e. it is a perfect, nowhere dense set in the real line. Also C In order to compute the Hausdorff dimension of this Cantor-like set, following the same argument as before, if we dilate C 1/4 1 by 8/3 we obtain
.
Thus if we continue the iterations we will get two Cantor-like sets, thus 
SV C(4)3
The total length of SV C(4) can be obtained after removing all the open intervals in constructing this set,
Thus the set SV C(4) must have positive measure 1/2. Cantor-like sets with positive measure are called fat-Cantor sets. In this case if we try to compute the Hausdorff dimension, since the sets SV C(4) k are not proportional, a similar argument as before fails, since if we dilate SV C(4) 1 by 8/3 we obtain
we can conclude that the Hausdorff dimension of SV C(4) is actually one. SV C(4) is called the Volterra set. This is the set that was considered in 1881 by V. Volterra to construct his famous counter-example of a function with bounded derivative that exists everywhere but the derivative is not Riemann integrable in any closed bounded interval i.e the Fundamental Theorem of Calculus fails!.
Observe that in this case there is not a expansion characterization of the set SV C(4). Now, if we repeat the Cantor set's proportional construction starting with the interval [0,1], removing the open "middle three fourth" from the center of the remaining closed 3 Moreover, observe that the only SCV (n) set that has measure zero is C, since the total length of what is remove is
intervals, then we get in the first three iterations, Then, continuing this process inductively , then for each k = 1, 2, · · · we get a set C 
share the same properties as C, i.e. it is a perfect, nowhere dense set in the real line. Also C
3/4
has measure zero, as
In order to compute the Hausdorff dimension of this Cantor-like set, following the same argument as before, if we dilate C Thus if we continue the iterations we will get two Cantor-like sets, thus
so this Cantor-like set is less sparse than C. Also observe that in this case there is no power construction. Finally, it is possible an expansion characterization of that C
for n = 8,
On the other hand, using the idea behind the ternary expansion characterization of the Cantor ternary set 1.3, we can get a general method to generalize C. For instance, take the base n = 5, and consider
This characterization is equivalent, since, in the step k ≥ 1 we are removing all the numbers in [0, 1] such that they have in its 5-adic expansion the k-th digit is 1 or 3, to the following proportional contraction: Start again with the unit interval [0, 1], partition the interval into 5 intervals of equal length and remove the second and the fourth open intervals of the partition obtaining C 5 1 .
In the second iteration, partition each of the remain 3 intervals in C Thus if we continue the iterations we will get three Cantor-like sets, thus Of course this construction can be generalized for any n ∈ N with n > 2, 1 < p < n, and start again with the unit interval Continue partitioning each subinterval in n subinterval and removing p of them in the same pattern. Then
Observe that in this construction in each step p ≥ 1 subintervals are removed from each closed subinterval in C n k .
Clearly, the n-adic Cantor set C n , has the expansion characterization
Observe that in this case, using the dimension trick, we get
and therefore the Hausdorff dimension is
C λ is, again, a perfect, nowhere dense set with positive measure, as
Thus C λ is a fat Cantor-like set. In order to compute the Hausdorff dimension, if we dilate C λ,1 by 6/(3 − λ) we obtain
Thus if we continue the iterations we will get two Cantor-like sets, thus
It is worth noting that, unlike the other previously explored constructions, C n need not be symmetric with respect to 1/2. As long as the first and last intervals of the expansion characterization partition remain, in order to avoid isolated points, any choice of removed partitions can be made. Neither the measure nor the dimension of C n is affected by the choice to remove intervals asymmetrically.
A more systematic study of the possible generalizations of the Cantor ternary set can be found in [7] .
Finally, a nice application of fat Cantor sets is the following. It is mention in almost anywhere that if we consider the space of Riemann integrable functions it turns out that is not a complete space, this is one of the reasons why the Lebesgue integral is needed. Unfortunately it is hard to find a concrete counterexample for that statement. Using fat Cantor set it is easy to construct such a counterexample. First of all remember that a function is Riemann integrable if and only if the set of discontinuities has measure zero. Now let us take a fat Cantor set, let us take SV C(4), the Volterra set, C 
